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CN| . Abstract. The aim of this paper is to establish the H global well-posedness for 

Kirchhoff systems. The new approach to the construction of solutions is based 
on the asymptotic integrations for strictly hyperbolic systems with time-dependent 
coefficients. These integrations play an important role to setting the subsequent 
fixed point argument. The existence of solutions for less regular data is discussed, 
and several examples and applications are presented. 



1. Introduction 
The Kirchhoff equations of the form 

(1.1) d 2 t u-a[ j \Vu\ 2 dx ) Au = (t G R, x G 



O 



(N 



have been previously considered for various positive functions a(s). Bernstein first 
studied the global existence for real analytic data (see []]), and after him, many 
authors investigated these equations further (see [U El El El [TTJ [191 Ell [23]). Also, 
the global existence for quasi-analytic data was studied by Nishihara (see [2D]), and 
variants of the class in [20] were discussed in [3 [TU1 [13] . 

The approach of this paper yields new results already in the scalar case of the 
classical Kirchhoff equation f 1 1.11) but, in fact, we are able to make advances for 
coupled equations as well or, more generally, for Kirchhoff systems. To this end, 
Kirchhoff systems are of interest but present several major complications compared 
to the scalar case. First of all, even for the linearised system, it is much more difficult 
to find a suitable representation of solutions which would, on one hand, work with 
the low regularity (C 1 ) of coefficients while, on the other hand, allow one to obtain 
sufficiently good estimates for solutions. Moreover, in the case of systems of higher 
order, it is impossible to find its characteristics explicitly, and the geometry of the 
system or rather of the level sets of the characteristics enters the picture. 

The main new idea (even for the classical equation (II. ip ) behind this paper is to 
approach the problem by developing the "asymptotic integration" method for the 
linearised equation to be able to control its solutions to the extent of being able to 
prove a-priori estimates necessary for the handling of the fully nonlinear problem. 
Thus, for the linear strictly hyperbolic systems we developed in [16] the method of 
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asymptotic integrations allowing us to obtain representations of solutions under the 
low regularity of the coefficients. Consequently, we apply it in the present setting 
to set up a suitable fixed point argument assuring the well-posedness of the Cauchy 
problem. The results presented in this paper resolve the well-posedness problem 
for a general class of strictly hyperbolic systems. Moreover, even for the classical 
Kirchhoff-type equation (11. ip we obtain new results. Thus, the regularity of data in 
Theorem 12.71 is lower than that in J2j H]. Moreover, we prove the well-posedness in 
low dimensions n = 1, 2 which remained open since D'Ancona and Spagnolo [I]. 
We consider the Kirchhoff-type systems of the form 

(D t U = A(s(t), D X )U, tytO, xeR n , 

{ U(0, x) = U (x) = T {fo(x), fi{x),..., f m -i{x)) , xeR n , 

where D = —id and A(s, D x ) is a first order m x m pseudo-differential system with 
a suitably smooth behaviour in s G M in a neighbourhood of 0; s(t) is a quadratic 
form defined to be 

(1.3) s(t) = (SU(t r ),U(t,-)} h 2 (Rn) = [ T (SU(t,x))lJit^)dx 

for some m x m Hermitian matrix S, and we put h 2 (R n ) = (L 2 (R n )) m . We allow 
the operator A(s, D x ) to be pseudo-differential since we want our analysis to be 
applicable to scalar higher order equations and to coupled equations of higher orders 
e.g. to coupled Kirchhoff equations, see Example 12.21 and Example 12.41 The precise 
meaning of "pseudo-differential" in this context will be specified below. 

We assume that the system (ll.2p is strictly hyperbolic. Namely, the characteristic 
polynomial of the differential operator D t — A(s, D x ) has real and distinct roots 
ipx(s, £),... , <p m (s, £) for any s in the domain of the definition of matrices A(s, £) and 
for any f G R™\0, i.e. 

(1.4) det(r/ - A(s, £)) = (r - Vl (s, 0) • • • (r - <p m (s, 0). 

We assume that A(s,£) is positively homogeneous in ^ of order one, i.e. we have 
A(s, A£) = XA(s, ^) for all s G [0,5] for a suitable (usually sufficiently small) 5 > 0, 
£ 7^ 0, and A > 0. Then by the strict hyperbolicity, we may assume that 

(1.5) inf \<Pj(s,£)-tpk(s,£)\>0 for j ^ k. 
se[o,8], |5l=i 

In the last part of the next section some examples of (11.2j) will be presented (see 
Examples [2^1 E20 and E1D • 

One of the main difficulties in the analysis of Kirchhoff equations is that even if 
the natural H l well-posedness of (11. 2p holds, this would mean that the function s(t) 
is at most C 1 . Consequently, even in the case of a linear system (11.21) we would 
need to analyse systems with low regularity C 1 of the coefficients, in which case 
dispersive and Strichartz estimates are more difficult to obtain due to the lack of a 
satisfactory representation for solutions. Such analysis with applications to nonlinear 
perturbations and scattering for systems (II. 2p will appear elsewhere. 

The global existence of (11.21) for differential systems was analysed by Callegari & 
Manfrin (see [2], and also p2]), where the Cauchy data are either smooth compactly 
supported or belong to a certain special class ~#(lR n ), which contains a weighted 
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Sobolev space, and the system is C 2 in time. Precise definition of this class will 
be introduced as a remark after the statement of Theorem 12.11 The purpose in the 
present paper is to find global solutions to (11.21) for a more general class of data, 
removing the smooth compactly supported data assumption in the general result. 
Our approach is to employ asymptotic integrations for linear hyperbolic systems 
with time-dependent coefficients in order to derive a certain integrability of the time- 
derivative of coefficients (see Lemma 14.11 in which enables us to use the fixed 
point argument. It should be noted that the present argument will also resolve an 
open problem of the well-posedness in low dimensions in D'Ancona & Spagnolo [I] 
(see Theorem 12. 7p . 

This paper is organised as follows. In §2] we formulate the main result and give 
examples and several corollaries for equations of different types. In §3] we will in- 
troduce asymptotic integrations for linear hyperbolic systems with time- dependent 
coefficients, which enable us to prove Theorem 12. 11 The proof of Theorem 12 .11 will be 
given in §H 



2. Global well-posedness for Kirchhoff equations and systems 

To state the main result, let us introduce a class of data which ensures the global 
well-posedness for (11.21) . A class £^(R n ) consists of all U = T (fo, /i, • • • , / m -i) £ 
(y'{R n )) m such that 

m ~l poo / p poo \ 

|£/ok(R») := Y] / ( / / e iTp f j (pu)f k (pu)p n dp da(u) j dr < oo, 

jk=0 J-oo KJS"- 1 Jo J 

where ^'(R n ) is the space of tempered distributions on R™, and S n_1 is in — 1)- 
dimensional sphere and daiiS) is the (n — l)-dimensional Hausdorff measure. 

We denote H CT (R") = (H a (R n )) m for a E R, where H°(R n ) = (D)- a L 2 (R n ) are the 
standard Sobolev spaces, and (D) = (1 — A) 1 / 2 . The space H^(IR n ) denotes the m 
direct product of weighted Sobolev spaces H°(W n ), which consist of all / 6 y'iW 1 ) 
such that (x) x f G H a (W l ), and (x) = (1 + l^ 2 ) 1 / 2 . Then by using Lemma A.l in [5], 
we conclude that 

(2.6) ml(R n ) c^{R n ), Vx>l. 

For a function, say (p(£), positively homogeneous of order one in £, we can factor out 
£ and restrict the function ip to the unit sphere; in this case we will be using the 
notations like |) G L°°(R"\0) instead of L°°(R"), since an extension of |) 

to £ = is irrelevant for our analysis. 

We shall prove here the following: 

Theorem 2.1. Assume that system (11.21) is strictly hyperbolic, and that A(s,£) = 
(cijk(s, £))J 1 fe=1 is an m x m matrix, positively homogeneous of order one in £, whose 
entries a^s, £/|£|) are in Lip([0, 5]; L°°(R rt \0)) for some 5 > 0. If U e L 2 (R n ) n 
^(R n ) satisfies 

(2-7) H^oll 
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then system (jO]) - (jT5]) has a solution U(t,x) G C(R; L 2 (R™)). In addition to (j^TTjl . 
i/f/ G H 1 (R") ; i/ien t/ie solution U(t,x) exists uniquely in the class C(R; H 1 (IR n )) D 
C^L^R")). 

As a related result to Theorem 12.11 Callegari & Manfrin introduced the following 
class (see 0): 

•d£ (R n ) = {C/ (x) = T (/ (x), . . . , / m _!(x)) G (^'(R™)) m : |C/oU(Rn) < 00} , 

where 

2 m— 1 «oo 2 

|c/oi.^ ( R") = EE su p / d %{p") (1 + p max{n - 2} ) dp. 

Hence, in particular, Theorem 12.11 generalises [2] since the inclusion among this class 
and ours is: 



(c °°(R n )) m c L^(R n ) n e£(R n ) c ^#(R n ) c 



where L 



1 l"[®n\ 



is the m direct product of L\{ 



1 nn>n\ 



{/ G J^'(R n ) : (a;) 2 / G Zr (R")}. 



Needless to say, Theorem 12 .11 covers the second order case, i.e., the Kirchhoff equa- 
tion 



Vu\ 2 dx 1 Au = 0. 



In this case, Yamazaki found a general class that ensures global well-posedness (see 
[23]). In fact, she proved that the space if 2 (R n ) x H^iW 1 ) introduced by D'Ancona 
& Spagnolo (see [5]) is contained in ^(R n ) for any x G (1, n + 1]. The class ^(R n ) 
consists of the pairs of data (/„, /1) G Zf 3/2 (R n ) x H 1/2 (R n ) such that 



Vsup(r>* / e«*l£ 
j,fc=0 TeR ■ /Rn 



(o/jkCOiei 8 -^** 



< OO. 



After her, Kajitani found the most general class J?T(R n ): 

JT(R") = {(/ ,/i) G H 3 / 2 (R n ) x F X / 2 (R-) : |(/ , < 00} 

where 

ll/o, A)L 



3-j-A 



■> = E 

j,fc=0 • 

(see [TT], and also Rzymowski [2TJ who considered the one-dimensional case). As to 
the exterior version of the class J^(R n ), we can refer to the recent results [H 
(see also [2~i| 125]). The inclusions among these classes and ours are: 



H 



2 Ann's 



x HliW 1 ) c 



C JT(I 



Here the first inclusion holds for x G (1,71 + 1] and the second one is valid for any 
x > 1. 



In the rest of this section, let us give some examples of applications of our result. 
First of all, we note that Theorem 12 . 1 1 covers all the examples of Callegari and Manfrin 
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[2], in particular, the Kirchhoff equations of higher order etc. There, it is assumed 
that the Cauchy data fk{x), k — 0, 1, . . . , m — 1, belong to 
More precisely, we have: 



or even C£°(M n ) 



Example 2.2. Let us consider the Cauchy problem 

L(D t ,D x ,s(t))u = Dl n u+ b Vtj (s(t))D^D{u = 0, 



(2.8) 



\u\+j=m 

j<m—l 



D*u{0,x) = f k {x), k = 0,1, 



m — 1. 



s(t) 



Here the quadratic form s(t) is given by 

/ ^ SfoD p u{t, x)D^u{t, x) dx, 

|/3| = | 7 |=m-l 

where (3 = ((3 t ,(3 x ), 7 = (7*, 7a;), = D^D^ X and = s^p. We assume that the 
symbol L(r,C,,s) of the differential operator L(D t , D x , s) has real and distinct roots 
ipi(s, £),... , </? TO (s, £) for £ 7^ and < s < 5 with 5 > 0, i.e., 

(2.9) L{r, £, s) = (r - ^{s, £))•■- (r - y? m (s, £)), 



(2.10) 



inf |yj(s,0 -Vfc(s,OI > f or 3^ k - 

s€[0,o], |5|=1 



5?/ taking the Fourier transform in the space variables and introducing the vector 

v(t, = T (|£r l u{t, ,|ei m - 2 A«(*, o,- • ■ , A m_1 «(*. 0), 



w;e reduce the problem to the system 

( 1 




D t V 



V -H m (s(t),£) -H m ^(s(t),0 
A(s(tU)V, 






1 



where we put 



HMtM) = Y,^Mt))(t/\£\Y, (j = i,...,m). 



T/ien we /lave: 

Theorem 2.3. Assume (I2T91 - fl2TT0|) . J// fc G # m - fc (M") (k = 0, 1, . . . , m - 1), tfien 
f)2.8p /tas a unique solution u(t, x) G Hfc^o 1 C fc (K; if m ~ fe (R ri )) ; provided that the quan- 
tity 



I A 



I m— 1 



/0) I Al™ 2 /l, ■ • ■ j /m-l)||L 2 (R«) 



IA 



m- 1 



/0) I A| m /l, • • • , fm-l)\ 



is sufficiently small. 



As a new example of (11.21) . we can treat the completely coupled Kirchhoff equations 
of the following type. 
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Example 2.4. Let us consider the Cauchy problem 

( d 2 u - ai (1 + HVw^llia + \\Vv(t)\\ 2 L2 ) Au + P x {t, D x )v = 0, 

(2.11) \ d 2 v - a 2 (1 + \\Vu(t)\\ 2 L2 + \\Vv(t)\\ 2 L2 ) Av + P 2 (t,D x )u = 0, 

[ d J t u(0, x) = Uj(x), d{v(0, x) = Vj(x), j = 0, 1, 

for some second order homogeneous polynomials Pi(t, D x ), P2{t, D x ), and for some 
constants a x ,a 2 > with a 2 . The quadratic form is given here by 

s(t) = \\Vu{t)\\ 2 L2 + \\Vv{t)\\ 2 L2 . 

We assume that 

(2.12) \£\- 2 P k (t,0 G U Ploc (R;L°°(R n \0)), \£\- 2 d t P k (t,0 G L 1 (R; L°°(R n \0)) 
for k = 1,2, and that 

(2.13) inf {{a l -a 2 ) 2 + 4P 1 {t^)P 2 {t^)}>0, 
teR, |5|=i 

(2.14) inf {a 2 1 4-P 1 (t^)P 2 (t^)}>0. 

By taking the Fourier transform in the space variables and introducing the vector 

v{t, o = T aeiu(t, o, u'(t, o, \mt, o,v(t, o), 

we rewrite (12. lip as a system 

( \ 

i Cl (t) 2 \z\ o iPAt^m- 1 o 

UtV ~ o 

Xip^mv 1 o ic 2 (ty\i\ o y 

where 

c k (t) = y/a k (l + s(t)), k = 1,2. 
The four characteristic roots of the equation 

det(rl- A(s(t),£)) = 

in t are given by 



V=: A(s(t),C)V, 



Vl,2,3,4(s(t),0 



lei 



± ^=\MW 2 + c ^) 2 ± V^iW 2 - c 2 (t) 2 } 2 + 4P 1 (t,e)p 2 (t,OK|- 4 . 

Then it follows from ( gUgJ) - (j23jj ) t/iat 

r i? f l<^'(s,0 ~ <^( s >OI > forj^k. 
se[o,<5], |5|=i 

Thus we have the following: 

Theorem 2.5. Assume (I2TT2D - fLTT4j) . If (uj,Vj) G H 2 - J '(M") /or j = 0,1, then 
(12. lip /ias a pair of unique solutions {u,v) G f] k=Q 1 C k {R;M 2 ^ k (M n )) provided that 
the quantity 

\\(\D x \u ,ui, |-Dx|wo,^i)||l2(ir") + \ {\D x \uq,ui, \D x \vQ,Vx)\^(un) 
is sufficiently small. 
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Theorem 12. II can be also generalised in another direction. In fact, as it is pointed 
out in [2], the nonlocal term fll.3p may be replaced by 



8(t) = (\t\-*su{t,t),u(t,£). , 

for < k < n — 1. By this little change we can generalize Theorem 12.31 without any 
change in the proof. More precisely, we have the following example, which resolves 
an open problem in D'Ancona & Spagnolo jl]. 

Example 2.6. Let us consider the Cauchy problem for the second order equation of 
the form 

(2.15) d 2 u-(l + \u(t,x)\ 2 dx) Au = 0, t ± 0, x G R™, 
with data 

(2.16) u(0,a;) = / (a;), MM = h( x )- 
In this particular case, the nonlocal term s(t) is defined by 

s(t) = \\u(t)\\ 2 L 2 m . 
Introducing another class of data 

= | (/o, A) e y'iw 1 ) x y'{w) ■. \{hJi)y m < 00} , 



where we put 

1 

k/o, /i)i#( R n) = 

i,fe=o 

we have: 



e^f 3 {pu)f k { P u) P n ^ k dp 







da(uj) I c?r 



Theorem 2.7. let n > 1. T/ien, /or an?/ (/ , /i) G (fl' 1 (K n ) x L 2 (M n )) n ^(M n ) ; 
fl2.15p - fl2.16p has a unique solution u G ^ k=Ql C k (J&]H 1 ~ k (W 1 )), provided that the 
quantity 

ll/oll + Il/l|| 

is sufficiently small. Here if _1 (lR ra ) = |D 2 ,.|L 2 (lR ri ) is the homogeneous Sobolev space 
of order — 1 . 

Let us give a few remarks on Theorem 12.71 This theorem generalises the results of 
[2] and [1]. Indeed, when the space dimension n is greater than 2, n > 3, a similar 
result was obtained in [2] and [3]. However, the regularity of data in Theorem 12.71 
is lower than that in [2J H]. It should be noted that Theorem 12.71 also covers low 
dimensions n = 1, 2, the case that remained open since [21 Hj. 
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3. Asymptotic integrations for linear hyperbolic system 

In this section we shall derive asymptotic integrations for linear hyperbolic systems 
with time-dependent coefficients, a kind of representation formula for their solutions. 
In fact, we have discussed such arguments in our recent paper [T7| in the context 
of the scattering problems. To make the argument self-contained, we must give the 
proof completely, because the Fourier integral form of solutions U to Kirchhoff sys- 
tem (jl.2p will be obtained by a careful observation of the construction of asymptotic 
integrations for linear systems. We note that the major advantage of the asymptotic 
integration method developed in |l6j in comparison to other approaches, e.g. the 
diagonalisation schemes for systems as in [22], is the low C l regularity of coefficients 
in t sufficient for the construction compared to higher regularity required for other 
methods. 

Let us consider the linear Cauchy problem 

D t U = A(t, D X )U, (t, x) G R x R n , 

u(o, x) = T (f (x), h(x),..., f m ^{x)) g (c °°(R")r, 



(3.17) 



where A(t, D x ) is a first order m x m pseudo-differential system, with symbol A(t,£) 
of the form A(t,£) = (dij(t, £))ij=i; positively homogeneous of order one in £. We 
assume that 

(3.18) a^,£/|£|) G Lip loc (R;L oo (M n \0)) and d tCkj (t, G L X (R; L°°(R n \0)), 
and that system (13 . 1 7[) is strictly hyperbolic: 

(3.19) det(r/ — A(t,£)) = has real and distinct roots <fi(t, £)>■■■ > ¥>m(£, 0> 
i.e., 

(3.20) inf |^.(U)-^(U)|>0 ioij^k. 

Notice that each characteristic root (pj(t,£) is positively homogeneous of order one 
in £. 

Let us first analyse certain basic properties of characteristic roots The 
next proposition is established in [T7] . 

Proposition 3.1 ([17] (Proposition 2.1)). Let D t — A(t,D x ) be a strictly hyperbolic 
operator as above. If belong to Lip loc (IR; L°°(R n \0)) fori,j = l,...,m, 

then \<fk{t,£)\ < C\£\ for some C > 0, and functions dt<fk{t,£), k = l,...,m, are 
positively homogeneous of order one in £. In addition, if c?ta#(t, £/|£|) belong to 
L 1 (R; L°°(R n \0)) for i, j = 1, . . . , m, then we have also 

£/l£l) 6 L l (R;L°°(R n \Q)). 

Proof. Let us show first that (pk(t,£) are bounded with respect to t G R, i.e., 

(3.21) \<Ph{t,€)\<C\£l for all £ G R n , t G R, k = l,...,m. 
We will use the fact that <fk(t,£) are roots of the polynomial 

L(t,r,0 = det(rl-A(t,0) 
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of the form 

L(t, r, 0=r m + ai(t, O-r™- 1 + • ■ • + « m (t, f) 
with |aj(t,£)| < M|£p', for some M > 1, where 

a J -(t,e) = (-l) i E det : '•• : 

h '• V ; il-O ■■■ ",,,,{ 1-0 

Suppose that one of its roots r satisfies |t(£, £)| > 2M|£|. Then 

|Qi(^OI _ _ |Qim(*,OI 
ItI ItI 771 



\L(t,T,t)\>\T\ m 1- 



> 2Mier f i - - - -4 - — T ) > o, 

ISI \ 2 AM 2 m M m - 1 ' 

hence |r(t,f)| < 2M l£l for a11 £ 6 Rn - Thus we establish fjMTjl . 
Differentiating (13. 191) with respect to t, we get 



Setting r = we obtain 



j=0 fc=l r^tfc 



(3.22) 0^(t, J] M*> - Vr(t, 0) = - E K-j (*, 0?*(*> J '- 

The positive homogeneity of order one of dt<fk{t,£) is an immediate consequence 
of <K22h . Now, by using (I3T2UI) . (KTLl . and the assumption that \£\- j d t aj(-,£) G 
L 1 (M; L oo (R ri \0)) for all j, we conclude that %>*(•, G L X (R; L°°(R rt \0)) for 

k = 1, . . . ,m. The proof is complete. □ 

To state the main auxiliary result on the representation of solutions, we prepare 
the next lemma. 

Lemma 3.2 (Mizohata [18] (Proposition 6.4)). Assume fl3~TBl - (13T20]) . Then there 
exists a matrix JV = jY(t,£) of homogeneous order ofO in £ satisfying the following 
properties: 

(i) JT{t,0A(t,S/\S\) = ®(t,S)^(t,S), where 

@{t, = diag (^(t, ■ ■ ■ , Mt, e/lf I)) ; 

(ii) inf |det^K(t,£))| > 0; 

^GM n \0,teM 

(iii) ^(t,0 G Lip loc (M; (L oo (M ri \0)) m2 ) and d t ^Y(t^) G L X (R; (L°°(M n \0)) m2 ). 

The next proposition is known as Levinson's lemma in the theory of ordinary 
differential equations (see Coddington and Levinson [3J, and also Hartman [H]); the 
new feature here is the additional dependence on £, which is crucial for our analysis 
(see also Proposition 2.3 from [17] and Theorem 3.1 from [16J). 



10 TOKIO MATSUYAMA AND MICHAEL RUZHANSKY 

Proposition 3.3. Assume fl3TT8|) - fl3T20|) . LetjV(t,£) bethediagonaliserofA(t,£/\€\) 
constructed in Lemma \3.2i Then there exist vector-valued functions a J (t,£) ; j = 
0, 1, . . . , m — 1, determined by the initial value problem 

D t ai(t, = C(t, £)a''(f , £), (o°(0, 0, ■ ■ ■ , ^(0, 0) = ^(0, 0, 

with C(t,0 = ^O-'iD^it, 0)^^0-^,0 G L l (R; (L°°(R n \0)) m2 ), 
such that the solution U(t, x) of (I3.17P is represented by 

m—l 

(3.23) U(t,x) = Y,^ [^M-^MaPMfjiC 

3=0 

where J^" -1 stands for the inverse Fourier transform and we put 

$(*,£) = diag (e'^ lMdr , • • • , e^V™^)^ . 
Moreover, the following estimates hold: 

(3.24) sup 11^,0 || (LOO(IR n\ 0))m < G 

for j = 0, 1, . . . ,m - 1. 

Proof. Applying the Fourier transform on IR™, we get the following ordinary differen- 
tial system from (13.171) : 

(3.25) D t v = A{t,tMM\v, (v = U). 

Multiplying ( 13. 25ft by JV = ^V(t,£) from Lemma [3T21 and putting jVv = w, we get 

(3.26) D,w = ®\i\w + (D t ,yV)v = + (Dt^V)yV" 1 ) w, 

since A(t, £/|£|) = by Lemma 13721 We can expect that the solutions of (13.26P 
are asymptotic to some solution of 

(3.27) D t y = ®\t\y. 
Let be the fundamental matrix of ( 13.271) . i.e., 

$(t,f) = diag (e^ofii^dr^ . . . ^ £ i J$ fmi^) dr\ _ 

If we perform the Wronskian transform a(t, £) = $(t, £) _1 iu(t, £), then system (13. 26j) 
reduces to the system D t a = C(t,£)a, where C(i, £) is given by 

We note that C(t, G L^M; (L°°(M n \0)) m2 ), since D t jY(t,i) G L^M; (L°°(R"'\0)) m2 ) 
by Lemma [321 Since w(£,£) = $(t,£)a(£,£) and ^(t, £)v(t, £) = w(t,£), we get 

«(t,0 = ^(*>0 -1 s(f>0fl(*>0- 

Now let («o(^, 0) • • • , v m-i(t, £)) be the fundamental matrix of ( 13.251) . This means, 
in particular, that 

(t/ (0,0,...,«m-l(0,0) = J- 

Then each Vj(t,£) can be represented by 
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where a J (t, £) are the corresponding amplitude functions to Vj(t,£). Since U(t,£) = 
Y%d3 v j(t,€)fj(€), we arrive at 

m— 1 

i=o 

Finally, let us find the estimates for the amplitude functions a J (i, £). Recalling that 
a- 7 (i, £ ) satisfy the problem 

IV = C(t,Oa j with (o°(0,0,--- ,o m_1 (0,0) = ^(0,0, 
we can write a 3 '(i, £) by the Picard series: 

(3.28) a j (t,0 = 

(r + ij Q CiruOdn + i 2 J C(T U Z)dT 1 £c(T 2 ,Z)dT 2 + --\i(Q,Z). 
This implies that 

(3.29) \a j (t,£)\ < e c ^ ]9 ^ T,m ^^ dT \a j (0,C)\, 
where we have used the following fact: 

Let f(t) be a Lj^-function on R. Then 

e /;/(r)*- = 1+ / f( Tl )d Tl + f /(n)dn r f(r 2 )dr 2 + --- . 

J s J s J s 

The proof of Proposition 13.31 is now finished. □ 

4. Proof of Theorem 12.11 

In this section we shall prove the global well-posedness for Kirchhoff system (11.21) . 
The strategy is to employ the Schauder-Tychonoff fixed point theorem. Let us con- 
sider the linear Cauchy problem (13.171) again: 

D t U = A(t, D X )U, (t, x) e R x R n , 

U(0,X) = T (f (x), h(x), . . . , f m -l(x)) , 

where A(t, D x ) is the first order m x m pseudo-differential system, with symbol 
A(t,£) positively homogeneous of order one. We assume that A(t,£) satisfies the 
regularity condition (13.181) and the strictly hyperbolic condition A3. 19j) — fl3.2Qp . Notice 
that each characteristic root ipj(t,£) and its time derivative dt<Pj(t,£) are positively 
homogeneous of order one in £ on account of Proposition ^. 11 Furthermore, we observe 
from (I3.23P and Plancherel's identity that if Uq G H <T (R n ) for some a > 0, then the 
solution U(t, x) to the linear equation (13. IT)) satisfies an energy estimate 

(4.30) \\U(t, -)|k(R») < C||C/ ||h-(R"), Vt e R. 

Let us introduce a class of symbols of differential operators, which is convenient 
for the fixed point argument. 
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Class Jfc . Given two constants A > and K > 0, we say that a symbol A(t, £) of a 
pseudo-differential operator A(t, D x ) belongs to = JT(A, K) if A(t,£/\£\) belongs 
to Lip loc (R; (L°°(R n \0)) m2 ) and satisfies 

\\A(t, £/|£|)||//x>( K .(£ [ x>( K n\o))m 2 ) < A, 

A ( t i£,/\€\)\\(L°°(nn\o))™ 2 dt<K. 



oo 



The next lemma is the heart of our argument. It will be applied with a sufficiently 
small constant Kq > which will be fixed later, and for which all the constants in 
the estimates of the next lemma are positive. 

Lemma 4.1. Let n > 1. Assume that the symbol A(t,£) of a pseudo- differential 
operator A(t, D x ) satisfies (13. 19[) - (13.201) and belongs to Jff = J?T(A, K) for some A > 
and < K < K with a sufficiently small constant K > 0. Let U G C(R; L 2 (R n )) 
be a solution to the Cauchy problem 

D t U = A(t, D X )U, U(0, x) = U Q (x) E L 2 (R") n ^(R n ), 

and let s(t) be the function 

s(t) = (SU(t,-),U(t r )) h 2 {Rn) . 
Then there exist two constants M > and c > independent of U and K such that 
(4.31) \\A(s(t) 

<P(s(0),w)|| (LOO(§n _ 1))m 2 + M ( K\\U \\<bpn) + 1 _ cK \\U \W(R") J , 



(4.32) / ||^[A( S (t),a;)]|| (Loo(s „_ 1))m2 dt 



< M ( A"||L/"o||L2 (]R n) + - — — ||?7o||y(R«) 



We will be interested in sufficiently small Kq > so that we would have 1 — cK > 
in the estimates above. 

Proof. The estimate (14.311) easily follows from (I4.32p and the following identity: 

A(s(t),w) = A{s{0),u) + [ d T [A(s(t),u)] dr. 

Jo 

Hence it is sufficient to concentrate on proving (I4.32j) . However, since 

\\d t [A(s(t),u)]\\ {LOO{Sn - 1))m 2 < C\s'(t)\, 
we only have to show that 

(4.33) J \s\t)\dt < m (#||[/ ||l W + Y^^W^Wn^ ■ 
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We recall from Proposition 13.31 that 

m— 1 
j=0 

and its time-derivative version is given by 

m—l 

u\t, o = ]T{<9 t ^(t, eye*, o + er 1 cm*, o 

Plugging these equations into s'(t), we can write 



(4.34) s'{t) = 2Be(SU'(t,Z),U{t,Z)) = 2{I(t) + J(t)}, 

where 
I(t) = 

m—l 

L — ' \ /L 2 (R") 
j,k=0 

J(t) = 

m—l 

Re (Sd t ^(t, tr'Ht, Oa j (t, Of AO, ^(*, O'Mt, £)a h (t, 0A(0) f s 



L 2 (M n ) 



+ s^(* , Ofo'ft -^(*. 0«*(*, , 

'L 2 (R") 



Since 



J —oo 

on account of Proposition 13. 3\ it follows that 

/CO 
|J(*)|d* < CK\\U \ 
-co 



|2 

Il 2 (R") 



with a certain constant C > 0. 

It remains to estimate the oscillatory integral I(t). Writing 

a*(t,t)= T {aV{t,t),...,a m f(t,t)) and ^(t,0 _1 = fl), 

we have 

m—l m 

I(t) = Re ^ I 3Mb,i, P , q ( t ), 

j,k=0 b,l,p,q=l 

where 

/jAWwW = < («Hn*(t l 0^(*,0e^ ( ^^(*,e)£^n^(t i e)e w «^a«*(t,0/*) 



L 2 (R") 
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with 

#p(*»0=/ V P ( s ^) ds (p= 
./o 

Here the sum in Ij t k-,b,i,p,q{t) over p = q does not contribute to /(£)• In fact, these 
integrals are pure imaginary. To see this fact, let us write 

v? p (t,0 = <pZ(t,0-cp;(t,o, 

where and ip~(t,£) are positive and negative parts of ip p (t,£), respectively. 

Then we can write 

i Ij,k;b,l,p,p{t) = 

and since S is Hermitian, the sum EjT=o E™i P =i '~ 1 ^,fc;i),(,p, f )W is real, and the real 
part 

m— 1 m 

Re E E I j,k;b,l,p,p( t ) = 
j,fc=0 6,i,p=l 

vanishes. Therefore, by putting 

which are positively homogeneous of order one in £, we can write 

z — ' z — ' \ / L 2 (R n ) 

Now let us consider the functional 

W»7(0>*) = - Im E / I p,q,jAv(u),t)d(r(uj), 

Jsn ~ i 

where r/(£) is a function of homogeneous order zero, da{uj) is the (n — l)-dimensional 
Hausdorff measure, and we put 

roc 

WfaM, i) = / j* u)p a pi (t, pu;)a^(t,pu)cp pq (t, uj)f 3 {pu)Upuj)p n dp. 
Jo 

Furthermore, replacing rj(-) in I(j](-),t) by a real parameter r, we define 

/; i ,(r)=sup|/ Pi ,(r,*)|, reR. 

If we prove that 

/OO £1 
i;, q (r)dr< T — R \U \ nRn) , 

i' ■ <i "°° 
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then we conclude that 

POO 

(4.37) / \I(t)\ dt < _|C/ |™. 



1-cK' 



Indeed, since 



I(t)\ <C*V / \I m (0 p (t,u>)-0 9 (t,u),t)\d(ri 



it follows from the Fubini-Tonnelli theorem that 

/oo r / /*°° 

\i(t)\dt<cj2 / u*p 
-oo ^ JS' 1 " 1 \J -oo 

Here we note that 



(t,u)-ti q (t,u))dt da(u). 



inf \<p p (t,u) — <p Q (t,u})\ > d(> 0) for p ^ q, 

,,,f=fSn-l 



for some d > 0. Then, by changing the variable r w = to) = r d p {t ) uj) — u), 
and by using (I4.36p . we can estimate 

E / j ;,<w*> ^) - ^)) rf ^) 

p ^ q V-oo / 

c 

which implies the estimate ( I4.37p . 

We now turn to prove the estimate (I4.36p . Recall the Picard series (13.281) for 
a PJ '(t,0; since a pj (0,£) = n pj (Q,£), it follows that 

a^(t,0 = n pj (0,0+i [ (0,0 

Jo 

+ i 2 [ (? h { Tu <*ri / c£(r 2 , 0^(0, ^2 + • • • , 
Jo Jo 

where each entry 4(i, £) of C(t,£) is of the form n/ 9 (i, £)d t n p k(t, Qe^*^*'® , and the 
behaviour of n lq (t,^) is similar to that of n p k(t, £)• bn the sequel we omit the indices 
of £)) n pfc(^ an d ^ /<J (£, 0- Then £) is positively homogeneous of order one 
and n.(i, £) is homogeneous of order zero in £ satisfying 



(4.38) / ||9 t n(t,-)IU-(K"\o) rf * < 
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Plugging these series into I P)q) j t k(r,t), we extract the integrals depending on iP for 
j — 0, 1, 2, . . ., and estimate as follows: 



(i) Integrals independent of K are easily handled by the estimate 



dr < C\U Q \ 



(R") • 



Indeed, making the change of variable £ = puj (p = |£|, to = £/|£| G S n x ) 
left-hand side becomes 



the 



n(t,u) (p pq (t,u) [ / e tTp fj(puj)f k (puj)p n dp) da(u 



dr 



<c 



oo \«/ S 



e^f^Mpu^dp 



da(u) ) dr < C|C/ |r(K™) 



since |n(t, cu) 2 (p pq (t, u)\ < C for all tel. 

(ii) Integrals depending on K are reduced to the following: 



dr. 



Making the change of variable £ = pw, using the bounds |n(0, cj)<p pq (t, cu)\ < C and 
Fubini's theorem, we estimate the above integrals as 



C 



\d n n(ri,u)\ 



dr% J da (to) dr. 



Since Uq G £^(IR n ), resorting to the invariance property of Lebesgue integrals with 
respect to the measure dr and estimate f)4.38p . we conclude that the above integrals 
can be estimated as 



C / ||9 n n(ri, 



|L°°(8"-i) 



dr x x 



e iTp f 3 {pu)f k {puj)p n dp 



da(ui) ) dr 

< CK\UQ\^(^ny 



(iii) In the integrals depending on iP for j > 2, the factors 

d n m(Ti, u)j^ T ^ ■ ■ ■ d^n^Tj, cj)e^^'^ dn ■ ■ ■ dT 3 



appear. Writing oscillatory factors as e l ^ r+ ^ Tl ' u ' + '" + ^ T: '' U} '^ p , one can also handle such 
a factor by the invariance property of Lebesgue integrals. As a result, by using esti- 
mate f)4.38p . the present terms are bounded by cP K^\Uq\^(up-) for some constant c > 0. 
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Summing up these integrals and noting that < K < 1, we arrive at the estimate 
f)4.36p . namely at 

C 



/oo 
P{t) dr < C(l + cK + c 2 K 2 + ■■■ )\U \i 
-oo 



*iR") — ~ ^r|C^0|^(K«)j 

provided that < K < Kq for some sufficiently small constant Kq > 0. In conclusion, 
by combining (14 .351) and ( 14 .3 7ft . we get (14.330 . The proof of Lemma 14.11 is now 
finished. □ 

Proof of Theorem \2.1\ We employ the Schauder-Tychonoff fixed point theorem. Let 
A(t,l) G Jf, and we fix the data U G L 2 (R") n & (R™). Then it follows from 
Lemma [4.11 that the mapping 

Q:A(t,Z)^A(s(t),0 

maps Jfc = ,J^(A,K) into itself provided that ||^o|Il2(k«) + ||^o||^(R n ) is sufficiently 
small, with A > 2||A(0, 6/ld)ll(£c»(R«\o))'™ 2 an d sufficiently small < K < Kq. Now 

Jfc may be regarded as the convex subset of the Frechet space L^ C (R; (L°°(R n \0)) m2 ), 
and we endow with the induced topology. We shall show that 3f is compact in 
££" C (R; (L°°(R n \0)) m ) and the mapping 6 is continuous on '. 



Compactness of J?T. Since J(f is uniformly bounded and equi-continuous on every 
compact t-interval, one can deduce from the Ascoli-Arzela theorem that Jff is rela- 
tively compact in L^ C (R; (L°°(R"\0)) m ), and it is sequentially compact. This means 
that every sequence {Aj(t, in has a subsequence, denoted by the same, 

converging to some G Lip loc (R; (L°°(R n \0)) m2 ): 

A{t,£/\Z\) ini£ l (R;(L oo (R B \0)r a ), 

\\A(t, £/ |Cl)llL^ c (K;(Lcx.( R n\ ))m 2 ) < A, 

where we used the fact that the absolute continuity of {Aj(t, is uniform in j on 

account of the Vitali-Hahn-Saks theorem (see e.g., §2 in Chapter II from [2S]), since 
the finite limit linx,-^ f d T Aj(r,£/\£,\) dr exists for every interval (s,t). Moreover, 
the derivative d t A(t,£/\£\) exists almost everywhere on R. Now, for the derivative 
d t A(t, £/|£|), if we prove that 

/+oo 
\\d t A(t^/m\ iLOO(Rnmm , dt < k, 
-oo 

then A(t, £/|£|) G Jf, which proves the compactness of J(f. 

For the proof of the estimate (I4.39p . we observe from Theorem 4 in §1 of Chap- 
ter V of [26] that the sequence {<9 4 A,(-,£/|£|)} converges weakly to some matrix- 
valued function G L\R; (L°°(R n \0)) m2 ) as j oo, since the finite limit 
lim^ooj d T Aj(r, £/|£|) dr exists for every interval (s,t) and {dt A j is uni- 
formly bounded in L X (R; (L°°(R n \0)) m2 ): 

dt < K. 



(4-40) / WdtAfat/m (L°°(R"\0)) m 
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By standard arguments we can conclude that d t A(t, £/|£|) = B(t, for a.e. t G 
Hence (I4.39P is true, since 



(L°°(R n \0)) r ' 

) 

where we used (14.401) . 



,2 dt < liminf 

J-r 



\dtAj(t, £/ |£|)||(£oo(K»i\o)) r ' 



dt < K, 



Continuity of Q on J£T. Let us take a sequence {^4fc(£, £/|£|)} in J%f such that 

(4.41) ^(t^/lel) G ^ in L£(K; (L°°(R n \0)r 2 ) (A; oo), 

and let Uk(t,x) and U(t,x) be the corresponding solutions to A k (t,£) and £), 
respectively, with fixed data Uq satisfying the assumption of Theorem 12.11 Put 

(4.42) 8k {t) = (SU k (t),U k (t)) h2{Rn) . 
Then we prove that the images 

A k (s k (t),t) = e(A k (t,$) and A{s{t),t) = e(A(t,0) 

satisfy 

(4.43) A k (s k (t),Z/\Z\) A(s(t),Z/\Z\) in L~ (R; (L°°(R n \0)) ma 
Using Proposition 13.31 again, we can write 



(k -» oo). 



m—l 



U(t,x) 



U k (t,x) 



m— 1 



^(a) _1 Sk(uy fc (U)£(0 



X) 



3=0 



Notice that 
(4.44) 



S fc (f,0 in L~ (R; (L°°(R"\0)r ) (fc -> oo), 
JHf^)- x ^jr{t^)- x inL^ c (R;(L oo (R"\0)r 2 ) (fc -> oo) 



(4.45) 

on account of (14.411) . Furthermore, we have 

(4.46) «*(*,£) in L£ (R; (L°°(R"\0)) m ) (* -> oo). 

Indeed, we observe from previous argument that {c^4fc(t, £/|£|)} is weakly convergent 
to dtA{t,£/\£\) in L X (R; (L°°(R n \0)) m2 ), and hence, {d t ^i(t,^)} is also weakly con- 
vergent to dt^V(t, C/ICI) in ^(K; (.L QO (M n \0)) ma ). Thus we find from this observation 
and the Picard series (13.281) for a k (t,£) that the convergence (14.461) is proved. Then, 
by using the Lebesgue dominated convergence theorem, we conclude from (14 . 42 p 
(ESP that s k (t) -> s(t) (k -» oo), which implies (jOSjl . 

Completion of the proof of Theorem \2.1[ By using the Schauder-Tychonoff fixed 
point theorem, we can show that has a fixed point in JtT, with K > in Lemma H~T1 
sufficiently small, so that constants in fj4.3ip - fl4.32j) are positive. Hence, we conclude 
that if U Q e L 2 (R n ) n ^(R n ), then the solutions U{t, x) of 

D t U = A(t,D x )U 
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with the Cauchy data U(0, x) = Uq(x) are solutions to the nonlinear system (jl.2p and 
belong to C(R; L 2 (IR™)). Furthermore, these solutions U satisfy the energy estimates 

Finally, we prove the uniqueness. Let U, V be two solutions to the nonlinear system 
fTL2|) with U(0,x) = 1/(0, x) = U Q (x), and let 

Su (t) = (SU(t), U(t)) h 2 {Rn) and s v (t) = (SV(t), V(t)) h 2 {Rn) 

be the corresponding nonlocal terms, respectively. In this time, we need to assume 
that Uq G H 1 (lR n ). We observe from Proposition 13.31 and the property of the mapping 
in the fixed point argument that, when we consider the integral representations 
of U and V, the functions and ^V(t,£) in the representation (13. 23j) may be 

replaced by 

$(s(t),0 =diag(V^> (s(r) '« )d V-- } e^> m{s{TU)dT ^j and ^(a(t),£), 

respectively, where s(t) = su(t) or sy(t). Since a J '(t, £) are solutions to the linear 
system D t a j (t,C,) = C(t,£)a j (t,£), where 

the amplitude functions a J '(s, £) for nonlinear system satisfy ordinary differential sys- 
tems 

(4.47) AaWU) = C(s(t),C)a j (s(t),C), 

where 

are in L^M; (L°°(R n \0)) m2 ). Thus the solutions U,V of ([O]) have the following 
forms: 

m— 1 
J'=0 

TO— 1 

j=0 

Then we can write 
(4.48) 

\\u(t)-v(t)\\l 2(Mn) 

m— 1 /. 

i,fc=o- /Rn 
where we put 

V(s u (t),0=^(su(t)^r 1 Hs u (t),Oa 1 (s u (t),0, 
V(s v (t),0) = JrMt),$- 1 ^s v (t),$a>(s v (t),Z). 



^{8 U (t),$- 1 $(s u (t),0a>(s u (t),£)f j (£) 
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The functional su(t) is Lipschitz with respect to U since 

\su(t) - s v (t)\ <\(S(U(t) - V(t)),U(t))u<*»)\ + \(SV(t),U(t) - V{t)) h * m \ 
(4.49) <C||i7o||^(R»)ll^(t) " V(t)\\u<R»). 

Since A(s, is Lipschitz with respect to s, ,/K(s,£) _1 and <£>fc(s, £) also depend 

on s Lipschitz continuously; thus we find from (14.491) that 



(4.50) ii^m*u)~ 1 --^m*u)~ 1 i 

<C\s v (t) - s v (t)\ < C\\U \\ L 2 {Rn) \\U(t) - V(t)\\ h 2 (Rn) , 



l(L°°(R n \0)) m2 



m 

(4.51) \\<f>( Su (t),£)-<f>(Sv(t),0\\ < ^|e^o^(^(r),0<ir_ e i/> fc ( SF (r),Odr 

k=l 

m „ t 

-^2 l^(M r )>0 - Vk{sv(r),0\ dr 



<C\£\ I \ Su (r)-s v (r)\dr 
Jo 



<C|£|||£/o||l*(r») / \\U(T)-V(r)\\ h2{Rn) dr, 
Jo 

where || • || denotes a matrix norm. Furthermore, the amplitude functions a J (s,£) 
satisfy the following estimates: 

(4.52) \\a J (su(t),$,) -o J (sv(t),£)||(2/»(R»\o))»' < C||^o|b(R»)||£/(*) - V(t)\\ h 2 {Rn) . 

In fact, since a J (s,£) satisfy the ordinary differential system ( 14.47ft with C(s, £) G 
L\{0,5); (L°°(R"\0)) m2 ), it follows that 

and hence, a J (s,£) are Lipschitz in s. Therefore, there exists a constant L > such 
that 

h J (su(t),Q -a j (sv(t),£)\\(L°°(w>\o))™ 
<L\ Su (t) -s v (t)\ 

<C||^o||l 2 (r™)||^(^) - ^(*)|k 2 (R™), 

where we used (I4.49p in the last step. This proves (14.521) . Summarising (14.500 — (14.520 . 
we conclude that 

\V( Su (t),0-V(sv(t),0\ 
<C\\U \\ h 2 (Rn) (\\U(t) - V(t)\\ L 2 {Rn) + lei J \\U(t) - V(r)|| LW dr^j . 
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Thus, (I4.48P together with these estimates imply that 



\\U(t) - V(t)\\b<w>) < c { WMi^Wit) - V(t)\\h( 



+ ll f/ o||L2(IR«)ll^^o||L2(R™) ( / \\ U ( T ) ~ V(T)\\unpn)dT 







Since ||t/o||]L 2 (R™) is sufficiently small, we obtain 



\W(t) - V(t)y m < CiWUoiy^WDMy^ / \\U(r) - V(r)y m dr 







for some function C(||C/o||l 2 (K"))- Thus, applying Gronwall's lemma to the above in- 
equality, we conclude that U(t) = V(t) for all iGl. This proves the uniqueness of 
solutions. The proof of Theorem 12.11 is now finished. □ 

5. A FINAL REMARK 

Observing the inclusion (12.61) . we can also prove: 

Theorem 5.1. Let n > 1 and x G (l,n+ 1]. Assume that system (II. 2\\ is strictly 
hyperbolic, and that A(s,£) = (ajk(s,£))™k=i is an m x m matrix, positively ho- 
mogeneous of order one in whose entries ajk(s,^) satisfy |£|~ 1+ ' a '<9?ajfc(s, G 
Lip([0, 5}; L oo (R ri \0)) for any < \a\ < [x] + 1 and for some S > 0. If Uo « r e small 
in the space M^W 1 ), then system (11.21) has a unique solution U G C(R; H 1 (M n )) fl 
C^L^R™)). 

Outline of the proof. In order to prove the theorem, let us introduce a subclass of J?T 
as follows: 

Class J^'. Given three constants A > 0, K > and x > 1, we say that the symbol 
A{t,£) °f a pseudo-differential operator A(t,D x ) belongs to J%T' = J^'(A,K, x) if 
A(t,C) belongs to Lip loc (R; (CW +1 (R n \0)) m2 ) and satisfies 

\\A(t, £/|£|)|lL<x,( K .( iO o( R n\ ))m2) < A, 

|| |e| -i +W ^ ( ^ e) ||^^^ 2 < CaK(f) -* } o < \f\a\ < [x] + 1. 

We have the following lemma: 

Lemma 5.2. Let n > 1 and 1 < x < n + 1. Assume that the symbol A(t,C,) of a 
differential operator A(t, D x ) satisfies (13.191) - (13. 20p and belongs to Jt' for some A > 
and < K < K with sufficiently small K . Let U G C(R; H 1 (R n )) n C^R; L 2 (R")) 
be a solution to the Cauchy problem 

D t U = A(t,D x )U, U(0,x) = U (x) G (R n ), 

and let s(t) be the functional 

s(t) = (SU(t,-),U(tr))v>p«)- 
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Then, for any < \a\ < [x] + 1, there exist constants M a > and c a ^ > indepen- 
dent of U such that 

(L°°(R"\0)) m 

< P( s (0)^/KI)ll(L-(M"\0))™ 2 + M ( ^||^o|Il2(R») + T— ^II^o||h*(R») 



\\^\- 1+ ^d?d t A(s(t),0 



£ vtsT-\z\^)i c,; ||(i / °°(R"\o))'' 



< M Q i^||^ ||i,2(R») + i ^II^oIIhkr") (t) 



1 

y 0||L 2 (R") "t" , _ ^ll ty O||H^(R") 

OL k 

The proof of Lemma 15.21 can be done by some modifications of the argument of 
Lemma I4TT} and we take K > small enough so that 1 — c atK K > for all a and x. 
The following lemma can be obtained by a similar proof as Lemma A.l of D'Ancona 
& Spagnolo [5] (see also Lemma 3.2 of [H], and [23]). 

Lemma 5.3. Let n > 1 and x G (l,n + 1]. Assume that </?(£) G C(R n \0) a 
positively homogeneous function of order one. Then 



e iTp h{pu)f2{pu)^) P n dp 



da(u) <C x (t) x ||/i||^i(R")||/2||^i(R") 



/or any fx, ji G ^(R™), where r is a real parameter. 

In particular, observing the proof of Lemma [3.21 (see Proposition 6.4 in [18]), one 
can check that if A(t,£) G Jf, then derivatives of jV(t,£) = {njk(t,£))T'k=i an d 

jr(t,t)- 1 = (n'»(t, o)p, q =i satisf y 

Ilier |a| ^n, fe (t,o|| xoomo) , l|ier |a| ^^(t,o|| LOO(Kno) < a^<r x , 

for any < \a\ < [x] + 1. Furthermore, t-derivatives of amplitudes a J (t,£) are 
estimated by 

||^a J '(t,OII(L-(R™\o))'" < CK{t)~ H . 
Combining these estimates and the decay estimates for oscillatory integrals given 
in Lemma |5.3[ we can perform the integration by parts with respect to p = |£| in 
oscillatory integrals I PA {r,t). Thus we find that 

C 

H p p^ ^ i * ^ ii^o1Ihi(r")^)~ x 

for any x G (1, n + 1], which implies that 

C 

\I(t)\ < — — ^II^oHh^R™)^)^ 

J- Cat,}*-** 

As to J(t), we easily obtain 

\J{t)\<CK\\Uo\\b<r)®~"- 

Hence Lemma [5.21 is proved by combining the decay estimates for I(t) and J(t). 
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Resorting to Lemma l5\2| we can perform the fixed point argument as in the previous 
section (see also [2]), and as a result, the solution U(t,x) to the linear system will 
be, of course, a solution to the original nonlinear system, which allows us to conclude 
the proof of Theorem 15.11 □ 
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